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Let No be a class of natural numbers whose binary expansions contain even 
numbers of ones. Waring problem in numbers of class No is solved. 
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Let n = cq + ei2 + . . . -|- ek2^ be a binary expansion of a natural n, {ej = 0, 1). Let 
No be the set of natural numbers whose binary expansions have an even number of ones, 
pj^ = N \ Nq. Define symbol e{n) 

^. ^ ^ 1 -1, ifneNi. 

^ . In 1969, A.O. Gelfond [Ij proved that natural numbers of classes of No and Ni are 

regularly distributed in arithmetic progressions. 

In 1991, author obtained an asymptotic formula for the sum of 

^ : ^^^) 

and so solved the problem of Dirichlet in numbers from Nq. 

In this paper, we solve the problem of Waring in numbers from Nq. Note that essen- 
tially a few more general problem is solved. Let {ii, . . . ,ik) be an arbitrary set of zeros 
and ones. We obtain an asymptotic formula for the number of solutions of the equation 

x'l + x^ + ...+xl = N (1) 

in positive integers Xi, X2, ■ ■ ■ ,Xk such that Xj e Nj., where j = 1, 2, . . . , fc. 

Let Jk,n{N) be the number of solutions of ([T]) in an arbitrary numbers Xi,X2, ■ ■ ■ ,Xk 
and Ik,n{N) - the number of solutions ([T]) in the numbers a;i,X2, . . . , Xfc from Nq. Our 
main result is the following: 
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Theorem. Let n ^ 3, 

^ _ f 2", if3^n^ 10; 

° ~ \ 2[?22(logn + loglogn + 4)], if n > 10. 

Let k ^ kQ. Then the formula 

hAN) = 2-'Jk,n{N)+0{N''/^-'~^/^), 

where A = ci^n^logn)'^ , ci > 0, holds. 

Recall that Jk,n{N) x iV'=/"-i (see eg [3], chapter XI). 
To prove the main theorem we need several lemmas. 

2. Lemmas 



Lemma 1. (Hua Loo-Keng) 
Let 

S{a) = ^e^™"". 

Then for 1 ^ j ^ n 

[ \S{a)f da<^P^'-'+', 
Jo 

where e > ia an arbitrarily small number. 
For the proof see [3], p. 20. 
Lemma 2. (Vinogradov) 

Let A, k ^ 2ko, where ko = [n^(log?T, + log log n + 4)]. Then we have 

Jo 

For the proof see |5], p. 84. 

Lemma 3. Let h be a natural number, h ^ H , H ^ X/4 . Define the sum S{X, h) 

S{X,h) = + 

Then the estimate 

H 

J2\S{X,h)\ = 0{XHn, 

h=l 

where fi = = 0.903..., holds. The constant implied in sign O is absolute. 
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Proof. Let 

V{X, h) = J2 ^(^) (^(^ + h)+e{n + h + 1)) . 



Consider the binary expansion of h: 



h = uo + 2ui + ... + 2'''^Uk-i + 2^ 



where uj = 0, 1 (j = 0, 1, . . . , /c — 1). 

For ^ j < k define the numbers hj and sj: 



Sj = 1 — 2uj. 



Dividing each of the sums 

S{X2-^,hj), V{X2'^,hj) 
into two sums - for even and odd n - we get: 

S{X2-^, h,) = (1 + s,)S{X2-^-\ h,+,) + ■^l-lv{X2-j - 1, + e, (2) 

V{X2-^, hj) = 2s,S{X2-^-\ hj+i) - sjV{X2-^-\ hj+i) + O'j, (3) 

where \9j\, \9'^ \ ^ 1. 

Let Oq = 1, Po = 1. Then we have 

S{X, h) = ao5(X, ho) + PoV{X, ho). 

According to ([2]) and ([3]) for any j = 1, 2, . . . , — 1 we have 

5(X, h) = ajS{X2-^, hj) + PjV{X2-^, hj) + 0{\aj\ + 

where 

aj+i = {1 + Sj)aj + 2sjl3j, (4) 



It follows from (HI) that 



Substitute (ED in (0): 



^ . _ Qj+i - (1 + gjOftj 



2s, 
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Substitute j + 1 instead of j in (P): 

aj+2 - (1 + Sj+i)aj+i 
~ 2^^ ■ 

From this and from ([7]) we obtain: 

aj+2 - = 2sjSj+iaj. (8) 

Furthermore, 

- aj+2 = 2sj+iSj+2(yj+i, 
aj+3 = (1 + 2sj+iSj+2)aj+i + 2sjSj+iaj. (9) 
We estimate \aj\ from above equahty. 

First, since cto = 1, ai = 1 + Sq, we obtain from (jS]) by induction that 

|a,|^2^ j = 0,l,...,fc-l. (10) 
This estimate, in some cases can be improved. 

Let ji be the smallest odd number in the interval [1, /c — 3] such that Sj+iSj+2 = — 1- 
Then from ([9]) and ffTOj) we have: 

l«..+3K ^2^-^+3; (11) 
Further, from ([H]), fllOj) and flllj) we obtain: 

Now, since \aj,+-i\ < f 2-'i+^ |ajj+4| ^ | 2^'^+^, we get that from 

3 

^ -2-'i+* when 4^1 (12) 
Let j2 be the smallest odd number in the interval [ji + 2, A; — 3] such that Sj2+iSj^+2 = 

-1. 

Arguing as in the derivation of ffTTl) and f|T2l) . we obtain: 



2^'^+* when 4 ^ t. 

Continuing this process, we get \ak\ ^ (^|^^*^'^) 2^^, where x{h) is the number of sign 
changes in the pairs of numbers (si,S2), (53,54), {s2jo-i, S2jo) where 2jo — 1 is the 
greatest integer not exceeding k — 3. 

Let Xi 2(/ii) be the number 1 and 2 in the decomposition of hi for the base 4. 

Then x(/i) ^ Xi^2(^i) ~ 1- 
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In fact, 



where r/j = W2j-i + '^^2j] 1 is subtracted from the xi,2(^i); so that 1 or 2 most significant 
digit can not be ignored because of the condition 2j — 1 ^ k — 3. 
Thus, 



\0!k\ ^ 



From this and from ([6]) imphes that 



■ 2^ 



J<l,2(/ll) 



SO 



\S{X,h)\<^X[- 



Let t be the smallest positive integer such that < 4*. 
Estimate 



We have 



hi=0 



4^1 /o\-^i,2V"i; " /o 



4*-l 



hi=0 ^ ^ s=0 ^ ^ /ij^=0,>ra,2(/ii)=s 

E© -E© E 1 



E(y E ; 



s=0 



E h*-' E 



2'E 



7\ * ln3,5 



□ 



Lemma 4. Let// > 0. Let g{x) be a polynomial of degree n ^ 10 with leading coefficient 
a. Leta = ^ + ^, (a, q) = 1, \e\ ^ 1 , ^ q ^ P''~". Then 



E- 

xs^P 



,2-Kig(x) 



^ pl-ci(n^ logJi) 1 



where ci = Ci(r7, n) > 0. 
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Proof. Lemma 4 is different from Theorem 2 of |.3], p. 190 tliat tlie condition P^/^ ^ 5' ^ 
pn-i/4 replaced by P'' ^ g ^ pn-?? p^oof of Lemma 4 and the theorem is essentially the 
same, only the parameter r must be chosen so: r = [C{ri)n\ogn], where C{ri) > - just 
a large number. □ 

Lemma 5. (Weyl Inequality) Let g{x) be a polynomial of degree n, 2 ^ n ^ 10, with 
leading coefficient a, a = ^ + , (a, q) = 1, \9\ ^ 1. 
Then 

I J2 e^"^^^^) I < P^+" {q-^ + p-^ + qP-'') ^ . 
For the proof see J^, p. 19. 

3. Proof of Theorem 



3.1 We first prove that the sum 



for any a G M satisfies the estimate 

\W{a) \ <„ p^-ci(nHo^n)-^ ^ 

where ci > is a constant. 

Approximate a with a rational number: '^=5 + ^; {O'l o) = ^1 1^1 1^Q'^t = 
pn-1-1/2000 

Cases where q ^ po.ooi po,ooi ^ ^ ^ considered in different ways. 

Assume first that po.ooi < q ^ t. Define integers H and K: 

jj _ |^pl/4000nj 2^~^ < pl/2000" < 2^ 

We apply the well-known inequality, whose proof is given, for example, [6J, p. 361: 

liih<H x^P-h 

<:^ + Pi/+^ ^ |^£(x)£(x + /i)e2™«"+'^)"-"")|. 

l(ih<H x(iP 

Put in the last sum a/q instead of a and estimate the error occurring at the same 
time. 

We have 

^2iTia{{x+h)"-x") _ ^2-iTi^{{x+hY -x"^) ^2'Kiz{{x+hY -x") _ 



2-^^«^'+'^)"-^'")(l + 0(|z|/iP"-^)) 



e 1 
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Since 

\^\f^ ^ ^ ^ lp-n+l+l/2000+1/4000 ^ ^ pl/1000 

QT ^ q 

Hence we have 

\W{a)\^ ^^ + PH + p2-i/40oo^ 
H 

We split the last sum in arithmetic progressions with the difference 2^: 

2^-1 



= e{2^y + m)e{2^y + m + h) 

m=0 1^2^j/+m^P 



g27ri| ((2« 2/+m+/i)" - (2« y+m)" ) 



so 



m=0 y^P2-^ 

+0{2^) + 0{PH2-^). 
By definition of £(n) for ^ m < 2^ + /i, we have 

e{2^y + m)e{2^y + m + h) ^ e{m)e{m + h), 
|E^(^)^(^ + ^)e'"''"''''^"''"1« 

2^-1 

^ g27ri|((2^j;+m+/»)"-(2^2/+m)")| _^2^ + Pif2'"-^. 

m=0 yCP2~^ 

For fixed m and h function 

^((2^y + m + /ir-(2^y + mr) 

is a polynomial of y of degree n — 1 with leading coefficient ^nh2^^"'~^\ If this rational 
fraction is cancellable, then perform the reduction and 

-n/i2^("-i) = ^, (ai, q,) = 1. 
Since (a, = 1, > ?2-^" > pV20oo^ because q > P°'0°^ 2^" ^ pi/2000 
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Thus, 

pl/2000 < ^ ^ ^ pn-l-l/2000_ ^^3) 

Thus, it suffices to estimate Weyl's sum of a special type 



E 



where g{y) is a polynomial of degree n — 1 and leading coefficient ai/gi, where (ai, qi) = 1, 
and qi satisfies f lT^ . 

Estimating the sum at ri ^ H by Lemma 5, and when n > 11 - by Lemma 4, we 
obtain: 

and so 

\W{a) \ < pi-^i("'i°s")-' 
in the case of P°'°°i < g ^ pn-i-i/2ooo_ 
Now let 1 ^ g ^ P°'°°^ Transform 

x^P 1=0 xiiP, 

x=l{ mod q) 

q-1 ^ q-1 



i=0 x^P ^ 6=0 



^ 6=0 1=0 



where 



We use the Cauchy inequality: 



^ 6=0 «=0 



Let Hi = [pi/30]_ rpj^g^ 

p2 

Ifi' ' Hi 



We define a natural number Ki from the inequalities 

2A'i-l ^ pl/15 ^ 
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We divide x in arithmetic progression with difference of 2^^ and obtain: 



2^1-/1-1 



Again we use the identity 

£(2^iy + m)e{2^^y + m + h) ^ e(m)s(m + h), 
vahd for ^ m < - h. We obtain 



2^1-1 



« I 5^ £(m)£(m + /l) 5^ e2.^.((2-i,+m+/.)"-(2-i,+mr)|^ 
m=0 j/^P2"^i 

+2^1 +PiJi2~-^i. 

Our next goal is to show that the sum over y "depends only weak" on m and h. 
The following equalities hold: 

{2^'y + m + /i)" - {2^'y + mf = 

= /i((2^iy + m + /i)"-' + (2^iy + m + h)''-^{2^'y + m) + ... + {2^'y + m)""^) ; 
(2^^!/ + m + /i)^' = {2^'yy + 0(2^^ P^-^); (1 ^ j ^ n - 1) 
{2^'y + m)^' = (2^^y)^' + 0{2^'P^-^). (1 ^ j ^ n - 1) 
From these equations it follows that 

{2^'y + m + /i)" - (2^iy + m)" = /in(y2^i)"-^ + 0{Hi2^^'P''-'^), 

g27ri0((2^ij/+m+fe)"-(2^iy+m)"-j ^ g27ri2/m(j/2^i -j^ + O (|z|ifi2^^'iP""^) 

By definition, |^| ^ ^ = pn-1+1/2000^ ^ pi/30^ < pV^s^ so 

|^^2^ip"-2 ^ p-1+1/2000+2/15+1/30 ^ p-1/2 
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We have obtained the inequality 



2^1-1 



x^P m=0 



+ 



Returning to the estimate W{a, 6), we obtain: 

\W{a,b)\'^^ + PH, + jf^ J2 I E <rn)e(m + h)\ + 

Applying Lemma 3, we arrive at 

\W{a, b)\' « ^ + PH, + P2^i + P'H^2-^^ + 

where /jl — 0, 901 . . . 
Finally, since 

^ 6=0 1=0 h,l2=0 ^ 6=0 

we obtain: 

\W(a)\^ < < p2p0,002-(l-;.)/15 ^ p2-0,05 

Thus, for any a e M 

\W{a)\ < P^"^^^, 

where Ci is a constant. 

3.2 Conclusion of the proof of the theorem. 

Let P = A^V". 

Since 

l + £(x) f 1, xe No; 



0, a; e Ni, 



we have 



where 



2 



^27riaa;'' 



Hence we have 

h,n{N) = 2-'Jk,n{N)+0{R), 

where 
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Note that for positive ki and Zi 



f \W{a)\^''\S{a)\^'''da^ f \S{a)\^^'''+''Ua. (14) 
Jo Jo 



Indeed, 



1 



Jo 

Y---YY---Y \ /V(«)l''^e'™(^"+-+^"i-^"--^"i)cia 



But 



xi^P xi^^Pyi^P yi^^P 
1 



r., ^ P ^. ^ P o„ ^ P o,. ^ P ^0 



SO 

xii^P x,^i:Pyi^P yi^<:P 

•1 







Using the inequahty (|T4|) . we estimate i?; for 1 ^ / ^ A;. We consider separately the 
four possible cases. 

1° / is odd, {k — I) - an even number. Then 



1 

k-l 



Ri ^ \W{a^)\ / \S{a)\'-'da, 
Jo 

where 

|iy(ao)|= max 
2° / is odd, {k - I) is odd. Then 

Ri ^ \W{aQ)\P I \S{a)\^-^da. 
Jo 

3° / is an even number, {k — I) is an even number. Then 

Ri ^ \W{ao)\^ [ \S{a)\''-^da. 
Jo 
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4° I is an even number, {k — I) is odd. Then 

Ri^\W{ao)\''P [ \S{a)\''-^da. 
Jo 

Hence, for any I e [1, k], we have 

Ri^\W{ao)\P' [' \S{a)\'-'da. 
Jo 

By hypothesis, k ^ ko + 3. Applying for 3 ^ n ^ 10 Lemma 1, and n > 10 - Lemma 
2, we obtain: 

where s > 0. 
Since 

choosing 

Cl 

£ = 

2n2 log n ' 

we get 

R < p'^-"-^, 

where 

2ii? log n 

The theorem is proved. 
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